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Abstract— This paper introduces a new analytical model
for describing BitTorrent systems. This model builds on
previous work on the population of peers, but attempts
to go further and describe the population of pieces in
the system. The model is a simple fluid model based on
a Markov Chain of states, each of which represents the
number of copies a piece has in the system. Preliminary
results show that for a large enough system, the population
of pieces in steady-state is unaffected by further increases
in the system size. Results for a couple of sample scenarios
are shown.

I. INTRODUCTION

F all the peer-to-peer Internet applications avail-

able, BitTorrent [1] has become the most popular
for the downloading of large files. Some reports indicate
that half of all the current Internet traffic is due to
BitTorrent [2]. One of the reasons it has become so
popular, is that the sharing is very efficient [3], allowing
downloads to scale well with the size of the downloading
population. This efficiency is obtained by breaking up
each large file into hundreds or thousands of segments
(called pieces) which, once downloaded by a peer, can
be shared with others while the rest of the download
continues.

The BitTorrent system coordinates file sharing through
the use of a centralized tracker. Upon receiving a request
from a downloading peer’s client, the tracker will provide
a random list of peers. The client will then contact
each of the peers to gather information about which
pieces the peers have available for download. The client
then chooses pieces to download based on a rarest-
first policy, which ensures that pieces are distributed
uniformly throughout the system. In a BitTorrent sys-
tem, downloaders are typically referred to as leechers,
while uploaders who have completed their download are
referred to as seeders.

A. Relationship to prior work

Though there have been a few papers dealing specif-
ically with the sharing present in BitTorrent ([4]-[6]),
all have explored the population of peers in the system.
In [7], a Markov Chain model was used to numerically
study the service capacity of a BitTorrent-like P2P
system. This model was expanded on and used in [3]
to create a simple deterministic fluid model that was
then analyzed to find simple expressions for the peer
population of the system. This paper will build on this
fluid model, in order to begin to explore the population
of pieces in the system.

This paper will start from the model previously pro-
posed [3] for the peer population, and extend it to explore
the population of pieces in the system. This model
represents several important features of a BitTorrent
system:

o Peers arrive according to a Poisson process

o Leechers can abort the download at any time

e Seeders can leave the system

This model also involves some assumptions about the
system that are used to simplify the calculations:

o All peers have the same download and upload
bandwidths

o Peers have global knowledge, and so can always
find a peer to download from
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Fig. 1. The original model’s two-state Markov Chain representing
the peers present in the system.
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Fig. 2. A sample state from the new Markov Chain. This state would
be occupied by all pieces having k£ copies in the system.

The original model made use of a two-state Markov
Chain for the two states of leeching and seeding (see
Fig. 1). This model uses the following variables (the file
size is assumed to be 1)
number of downloaders in the system at time ¢.
y(t) number of seeds in the system at time .

A the arrival rate of new requests.

W the uploading bandwidth of a given peer.

c the downloading bandwidth of a given peer.

0 the rate at which downloaders abort the down-
load.

vy the rate at which seeds leave the system.
indicates the effectiveness of the file sharing.

II. THE PROPOSED MODEL

The new model will consist of a state k& for every peer
in the system, where being in a state k£ indicates that the
piece has k copies of itself present in the system. The
model will be a standard birth/death process [8], where
each state k£ only has transitions to and from neighboring
states k+1 and k—1 (see Fig. 2). This model will use the
same variables as the original model, and also introduce
the following

N the number of pieces the download is broken
up into.

nk(t) the number of pieces with k copies at time t.
Due to the nature of a BitTorrent system, the number
of interesting states is always limited to the range y(¢)
to y(t) + x(t). Any states below this range must have a
population of zero, as the minimum number of copies of
a piece is the number of seeders. Any states above this
range are also empty, as it is not possible to have more
copies of a piece than there are peers in the system.

Some assumptions are needed for an analytical anal-
ysis of the new model, as the number of variables is
as large as the system itself. The most important sim-
plifying assumption is that the transition rates are state
independent, and therefore constant across all states.

MNe =Nop1 = Ao =+ =X

ey

fik = M1 = pp2 = - =

Also, as downloaders can leave the system at any point in
their download, it is assumed that the number of pieces
a departing downloader has completed will be random.
Therefore, on average, a departing downloader will have
half the pieces completed.

These assumptions, and the analysis from the original
paper, then lead to the following definition of the tran-
sition rates. The transition probability for pieces from k
to £+ 1 will be the same as the transition probability of
a peer from a downloader to a seeder.

N = d(t) = min{cz(t), p(nz(t) + y(t)} Q@)

Though the probability is the same, the population of
pieces is much larger than (/N times) the population
of peers, and so the transition rate (the probability
multiplied by the population of the state) will be much
larger. Similarly, the transition probability for pieces
from k£ to k£ — 1 will be the sum of half the transition
probability of a downloader departing and the transition
probability of a seeder departing.

1
= 50x(t) + vy(t) 3)

Using these assumptions, the fluid model for the
evolution of the population of pieces in the system is
given by

dncft(t) = N(k — Dng_1(t) = N (k)ng(t)
' (k 4+ Dngga (t) — ' (k)ni(t) (4

Note that the state population used to calculate transition
rates from the transition probabilities is actually the
population of the state ny(t), times the state number k.
This is a result of the state number representing k& copies
of the pieces in that state being present in the system. A
special case of (4) is used for the end state of n,, due
to the limits on the occupiable states in the system.

dny ()
dt

This large set of equations describes all the piece state
transitions within the system.

= =N(y)ny(t) + 1 (y + Dy () 6)

III. STEADY-STATE ANALYSIS

This model can be analyzed in steady-state by setting
(4) to zero and determining the steady-state population
of each state (7). Under steady-state conditions, the
analysis in [3] has shown that the peer populations are
stable and constant as
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Therefore, the following analysis has been simplified by
only referring to the states from y to y¥ + . The new
variable k& will now be used in the 0 to Z range, to
indicate the position of the state amongst the downloader
states.

where

Using (6) and (7), a simple equation can be derived for
the ratio of the transition probabilities (see Appendix A).
In general, this ratio is given by
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Since 0 and 3 are always positive, this ration will be in
the range [0,1].

Solving (4) set to zero (see Appendix B) gives a
steady-state state population of
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The only variable left unknown in this set of equations is
the initial state population (n25). This can be determined
by the normalization condition that the sum of all the
state populations must be the number of pieces of the
file

(10)

D Agir=N (11)
k=0
Unfortunately, (11) leads to a sum of the form
YL (12)
X
=0

which is not easily solvable. However, for large enough
y and 2—: < 1, the solution to (11) can be approximated
by (see Appendix C)

e (13)
1 (£> z+1

ILL/
In cases where these conditions do not hold, the system is

small enough that a value for nj; can easily be determined
numerically.

IV. OBSERVATIONS

The analysis in Section III has completely determined
the piece population of the system in steady-state. This
determination has several interesting results.

The most interesting result is that for a large enough
system, the piece population will no longer depend on
the size of the system. Appendix D shows that for
systems with steady-state downloader size of at least

log <2N <1+%7[,) + 1)
log (1 + %)

then the initial state population of (13) will be given by
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This equation no longer depends on the number of
downloaders in the system, and so does not depend
on ), the arrival rate of downloaders to the system.
Appendix D also shows that for a seeder population of
at least

x > —1==z

(14)
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(15)
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then the piece population of each state from (10) will be

given by
A\
Ntk = <u') ng

The simplicity of these equations which can be used to
describe the population of all the pieces in the system
is surprising. The equations depend on the variables
introduced by the original model in Section I-A, but
there is no dependence on the size of the system (i.e.
the number of peers in the system), and therefore no
dependence on the arrival rate \.
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V. EXPERIMENTS

The combination of (9), (10) and (13) can now be used
in experimental situations to calculate the population of
all the states. This will be done for two cases from the
original paper [3]: a download-limited situation called
“Experiment 1 in the original paper, and an upload-
limited situation called “Experiment 2.” In both exper-
iments, the number of pieces the downloading file is
segmented into is assumed to be a conservative N = 500.
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Fig. 3.  Two of the populations from Experiment 1, showing the
piece population for the two smallest arrival rates (larger rates result
in curves identical to A = 0.4).

A. Experiment 1

In this download-limited system, the following param-
eters are used: p = 0.00125, ¢ = 0.002, § = v = 0.001
and n = 1 is assumed. The arrival rate A\ will vary
from 0.04 to 40 by factors of 10. Using (6) and (7),
the steady-state peer populations are calculated to range
from £ = 13 and § = 27, to & = 13333 and § = 26667.
The ratio of the transition rates is given by (9) to be
2—; = 0.8. These values can then be used to calculate the
minimum peer populations from (14) and (16) for this
to be considered a large system, which are x,,;, = 23
and ymin = 159. The initial state population for a large
system is given by (13) to be nz; = 100. Only the
smallest system of A = 0.04 does not meet the minimum
requirements for a large system, and in this case the
initial state population was numerically calculated to be
ng = 116.

In Fig. 3, the piece population is shown for the two
smallest arrival rates, 0.04 and 0.4. The other two arrival
rates resulted in curves that exactly overlapped the curve
for 0.4, which is expected as all three meet the condition
for a large system, and so are expected to be independent
of the system size and the arrival rate. This independence
is interesting, as it suggests that most of the pieces have
very few copies beyond the required seed copies. In fact,
the initial state of no additional copies is occupied by a
full 20% of the pieces in the system.

B. Experiment 2

In this upload-limited system, the parameters used are
the same, except that the seed leaving rate is increased to
v = 0.005. The arrival rate A will again vary from 0.04
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Fig. 4. All four piece populations from Experiment 2.

to 40 by factors of 10. Using (6) and (7), the steady-state
peer populations are calculated to range from = 15 and
y = 5, to £ = 15000 and § = 5000. The ratio of the
transition rates is given by (9) to be % = 0.77. These
values can then be used to calculate the minimum peer
populations from (14) and (16) for this to be considered
a large system, which are x,,;, = 20 and Yy, = 176.
The initial state population for a large system is given by
(13) to be ng = 115. Now, the smallest two systems with
arrival rates of 0.04 and 0.4 do not meet the minimum
requirements for a large system, and in these cases the
initial state populations were numerically calculated to
be ngy = 167 and ng; = 123, respectively.

In Fig. 4, the piece population is shown for all four
arrival rates. The two smallest arrival rates, 0.04 and 0.4,
are distinct, but the other two largest arrival rates resulted
in curves that exactly overlapped each other. This is as
expected again, as those two meet the condition for a
large system, and so are expected to be independent of
the system size and the arrival rate. In the A = 0.04 case,
the initial state of no additional copies is occupied by a
full 33% of the pieces in the system.

VI. FUTURE WORK

The analysis has been completed, but the results have
not yet been verified to be correct. The most impor-
tant work required to further this model, is to verify
the results obtained here by comparing them to actual
measurements of a BitTorrent system.

Once verified, the model can then be used for may
interesting explorations of the interactions in a BitTor-
rent system. One possible avenue of exploration is the
relaxation of the assumption that departing download-
ers have, on average, half completed the download. A



more realistic assumption might be that the number of
pieces a departing downloader has completed would be
exponentially distributed, as a downloader is probably
more likely to leave after recently joining the system.
Another area of exploration is the different policies
that BitTorrent implements. For example, downloaders
choose pieces to download based on a rarest-first policy
that encourages copying of pieces in the system that are
under-represented. This policy would definitely have an
impact on the general population of pieces, and should
be considered.

The model presented here could also be extended to
allow for the modelling of pieces in a dynamic environ-
ment, in which pieces are created and leave the system
regularly. This would then allow for the analysis of
many more interesting situations, including the streaming
BitTorrent case which is becoming more popular for
streaming video [9].

VII. CONCLUSIONS

In this paper, a previously proposed simple fluid model
for the population of peers in the system has been ex-
tended to obtain expressions for the population of pieces
under steady-state conditions. The resulting system-sized
Markov Chain has been analyzed, and using some sim-
plifying assumptions, has been solved analytically for
large systems. Surprisingly, these systems are shown to
have a constant piece population, unaffected by further
increases in the system size. This result was unexpected,
and needs further investigation to explain properly. Also,
the analysis is currently preliminary in nature, and has
not yet been confirmed by measurement.

APPENDIX A
THE RATIO 2—

The ratio can be determined in steady-state from (2)
and (3) to be

X' min{cz, p(nz + 9)}

W 30T+ g

Dividing through by = gives

N minfe,u(n + D)}
W 30 +1%

(18)

Using the steady-state values for £ and ¢ in (6) and (7)
gives
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Substituting into (18) gives
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In the upload-limited case,
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solving (19) for this case gives
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In the download-limited case,
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solving (19) for this case gives
N 1 1
1T 0 0
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In general, the ratio is then given by
N 1
S =7 20)
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which, since 6 and [ are always positive, will be in the
range [0,1].

APPENDIX B
STEADY-STATE BIRTH DEATH SOLUTION

The changing state population described by (4) can
be solved in steady-state by setting all the population
changes to zero.

0= )\/(k} — 1)ﬁk,1 — )\/(k)ﬁk
(o Dt — ()

In the end state case of k = y described by (5), the
steady-state equation is of the form

2n

0=-N(@)ng+ 4§+ Vg
Solving this for the state y + 1 gives
)\/

Solving (21) for the state k£ + 1 gives
_ N+ ko Nk—1_
Nk+1 = Tmnk - ﬁmnkq
Replacing k£ with k — 1 gives
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Now, the state ¥ + 2 can be described using (23) and

(22) to be
NMN?/ @
e () (43)

Using this equation, the next state, y + 3, can be shown

to be
N\? [
o () ()
The general solution is now obvious, and is given by
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APPENDIX C
NORMALIZATION OF THE STATE POPULATIONS

(24)

The normalization condition for the steady-state pop-
ulation is given by

x
N =2 g
k=0

Using (24), the sum is
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Unfortunately, this sum is not easily solved. Under the
assumption that ¢ is large and % < 1, it can be approx-

imated by assuming that § + k ~ 4 (see Appendix D for
when this is valid).

N = gny
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This sum is well known,
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Substitution into (25) gives
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Solving for ny then gives
1-2
ng ~ N - (26)

APPENDIX D
LARGE SYSTEM CONDITIONS

A. Large Number of Downloaders

For large systems, the normalization constraint on the
system in (26) can be rewritten as

/
i1
will be

’ . , xT
since % < 1 the denominator term (1 — %)
very close to 1 for large . This approximation will be
considered valid if

27)
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This can be rewritten using the equation for the ratio of
the transition rates, (20), to be

log <2N <1+2B) + 1)

log (1 + %>

B. Large Number of Seeders

Appendix C derived an equation for the initial pop-
ulation state by assuming that for large enough y and

A
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can be approximated by assuming that
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which then gives a simpler equation
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To determine when this approximation is valid, it is
sufficient to determine that
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for a worst-case value of k. This can be simplified

g+ k MNP
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Since 2 < 1, the largest the right hand side can be
(worst case) is when k = 1, at which point
/

Using the result from Appendix D-A, this can be further
simplified by inserting the approximate value for 7y in

(27)
B N N
y>2N; (1_//> —1:ymin
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